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Abstract 

We study the possibility of extracting geometric information on the shape of the extra dimension 
from four-dimensional data such as the mass of the Kaluza-Klein (KK) mode. Assuming one com- 
pact extra dimension whose geometry can be considered as perturbations in the flat background, 
we show that if there is a Z2 symmetry in the extra dimension, for example the KK parity in models 
with Universal Extra Dimensions, then the warp factor in the metric is completely determined by 
the KK mass alone. Without KK parity, additional information depending on the boundary condi- 
tions is needed to fully reconstruct the metric, even though such information may be experimentally 
challenging to obtain. The case in a general background geometry is also considered. 
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I. INTRODUCTION 



Theories with extra dimensions have attracted enormous attention in particle physics in 
the last decade. They not only provide new avenues for theoretical explorations, but also 
offer the exciting prospect of playing an active role in the upcoming collider experiments. 
Starting with the revelation that extra dimensions could be as large as the submillimeter 
distance and the scale of quantum gravity could be at TeV |2J, y], it was realized that 
warped extra dimensions 0, HI could have novel features to address issues ranging from 
electroweak to gravitational physics. Ever since there has been an explosion in the number 
of extra dimensional models inspired by either the large or warped extra dimensions. 

From the four-dimensional (4D) perspective extra dimensions, if there, manifest them- 
selves through a series of KK modes for every particle that propagates in the bulk. Typically 
one starts with a given metric in the extra dimensions, assumes some boundary conditions 
for the bulk fields, and then computes the KK masses from the metric. Sometimes it is 
assumed that all the standard model (SM) fields are confined on a three-brane, in which 
case only the graviton would have a massive spin-2 KK tower, while sometimes all or part 
of the SM could live in the extra dimensions. In most cases the size of the extra dimensions 
is at TeV scale or higher, suggesting the first KK mass in the TeV order as well. If this is 
the case, it seems that the second or higher KK mode might lie beyond the reach of the 
Large Hadron Collider (LHC). An interesting exception is the Universal Extra Dimensions 
(UEDs) in which not only all the SM particles propagate in the compactified bulk, 

giving the hope that one may be able to observe another copy of SM in the first KK level, 
but also the lower bound on the size of the extra dimensions is only at 300 GeV or so, raising 
the attractive possibility that more than one KK level can be discovered at the LHC. 

On a separate front, given the imminent start of the LHC, there are recently strong 
interests in the inverse problem of interpreting the underlying physics from LHC data 0. 
The goal is to study the map from the signature space of LHC to the parameter space of 
theoretical models. In the context of extra dimensional models, the traditional forward ap- 
proach is to study phenomenological consequences of a given model in a particular spacetime 
background, such as computing the KK masses from the postulated metric. In this paper 
we consider the LHC inverse problem in the extra dimensional context. We will focus on 
the most obvious 4D observable, the KK masses, and ask how one can extract geometri- 
cal properties of the extra dimensions. We are interested in questions like, if one assumes 
a compactified extra dimension, what can we learn from the mass of the first KK mode? 
What about the second KK mass? Even if we knew all the KK masses, would the shape of 
the extra dimension be uniquely determined? 

It is our purpose to study the aforementioned questions in this paper, which is organized 
as follows. In section II we set the stage by considering a five-dimensional U(l) Yang- 
Mills theory on a finite interval, as well as its KK decompositions. By transforming the 
eigenvalue equation into a Schrodinger equation, in section III we use the time-independent 
perturbation theory, as well as the reflection symmetry of the background geometry, to study 
the inverse problem assuming the Neumann boundary conditions (BCs). In section IV we 
consider a general background geometry without assuming any symmetry property. The 
treatment here closely follows the mathematical technique of solving the Dirichlet inverse 
eigenvalue problem for flat background in Ref. The approach in this section also allows 
us to extend the study to other types of BCs, which is done in section V. Then in section 
VI we conclude with some discussion. 
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II. 17(1) GAUGE THEORY ON AN INTERVAL 



We start with assuming 4D Lorentz invariance and one finite extra dimension which can 
be thought of as an interval. Without loss of generality, the metric can be written in warped 
form 

ds 2 = g MN dx M dx N = e 2A{z) {r ]fiu dx^dx u - dz 2 ) , < z < L, (1) 

where rj^ = diag(l, —1, —1, —1) and we call A(z) the warp factor. We also use the convention 
that the capital Roman letters M,N = 0,1,2,3, z are contracted with gMN whereas the 
Greek letters v — 0,1,2,3 are contracted with r\^ v . When the warp factor is constant, 
the resulting space is a flat extra dimension compactified on a circle, z ~ z + 2L, with the 
projection, z ~ —z, which is the S 1 /Z 2 orbifold. Because of the orbifold projection all the 
fields living in the bulk must be either even or odd under z — > —z. Even (odd) fields have 
Neumann (Dirichlet) BCs at the boundaries z — 0, L. Usually this is the main motivation 
for considering an orbifold compactification, because the zero modes for the odd fields are 
projected out, which is crucial in terms of getting a chiral zero mode for the fermion if 
the SM is to live in the bulk. We wish to consider the possibility that the warp factor is 
non-trivial. 

As an illustration let us consider an abelian vector field Am(x,z) propagating on an 



interval < z < L 10, 11 



S = J ^d 4 xdz^F MN F MN (2) 
d 4 x J q L dz ^ (-~ V" + \{d z A» - «VU 2 ) . (3) 

In this paper we will only be concerned with classical physics and neglect the gauge-fixing 
and ghost terms. We will also choose a gauge where A z = and the Neumann BCs for A^ 

A' li {x,0)=A' IM (x,L) = 0, (4) 

where ' denotes d z . The Neumann BCs are normally chosen to ensure a massless zero mode. 
However, there could be other types of BCs if there are bulk mass terms or scalars at the 
boundaries of the interval [l2j], so later we will generalize the results to Dirichlet as well 
mixed BCs. Performing the KK expansion 



A»{x,z)=Y. A »U*), (5) 

n 

the action becomes diagonal in the KK basis 

S = Jd 4 xj: {--F; v F n ^ + \mlAlA^) , (6) 

if the KK profiles f n (z) satisfy the equations 

d z (e A{z) d z f n ) + m 2 n e A ^f n = 0, £(0) = f n {L) = ; (7) 

- 2 [ L dze A ^f n f m = 5 mn . (8) 
q£ Jo 
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From now on we will ignore the l/(jf factor in the orthogonality condition as it is irrelevant 
to our analysis. Eq. (J7J) is an equation of Sturm-Liouville type with Neumann BCs. The 
question we are interested is essentially the inverse eigenvalue problem of the above equation: 
given the mass eigenvalues, what can we learn about the warp factor A(z)7 

Toproceed, it is convenient to transform Eq. (J7|) into a non-relativistic Schrodinger equa- 
tion 0: 

f n (z)=e- A ^ 2 Mz), (9) 
-£ + V(z)iP n = m 2 J) n , (10) 

V(z)= 1 -A"+ 1 l (A'y, (11) 

We will call V(z) the KK potential associated with the warp factor A(z). It is worth noting 
that in Eq. Q the BCs of the original KK wave functions f n {z) do not translate simply into 
the BCs of the new ip n (z); the boundary values of A(z) are involved as well. For example, 
Neumann BCs for the f n translate into Neumann BCs for the ip n only if one further assumes 
A'(0) = A'(L) = 0. On the other hand, in solving for the warp factor from a given KK 
potential in Eq. (fTTj). the assumed BCs for the warp factor would presumably give a unique 
solution. For example, in the flat space case, V = 0, the BCs A'(0) = A'(L) = give a 
unique, albeit trivial, answer A(z) = 0. Otherwise the general solution for V(z) = in 
Eq. (fTTj) looks like A(z) — c\ + 21og(z + C2), where c\ and C2 are integration constants. 
Therefore from now on we will assume suitable BCs for A{z) so that the BCs translate in 
Eq. ©. 



III. NEUMANN INVERSE PROBLEM 

In this section we study the Neumann inverse spectral problem of the Schrodinger equa- 
tion 

_ t/;" + Vtp = hf), ^'(0) = tJ)'(L) = 0. (12) 

The idea is that when the KK potential V(z) can be considered as perturbations on the flat 
background, V = 0, we can use time- independent perturbation theory of the Schrodinger 
equation. 

In the flat space limit, the unperturbed solutions are 

A<" = ^, # = ^fcos(^), (13) 

from which we see there is a massless zero mode with constant wave function. To the first 
order in perturbation, the KK masses and wave functions are, for n > 1, 



A« = dz 



L 



V£°>(*) ~v{z) 



2 



j 

\ f L dzV(z) + \ t dz cos (^z) V(z), (14) 
L Jo L Jo \ L J 



= E JoT 1(0) /" ' dt^\t)^\t)V{t). (15) 

m^n An — Am J0 



L 
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The zero mode n = is a special case and needs to be singled out from perturbation 
because its masslessness is guaranteed by the 4D gauge invariance. 1 Indeed, the constant 
wavefuction is always a solution with zero eigenmass in Eq. (|7|). which implies the exact zero 
mode wavefunction ipo(z) = exp(A/2). On the other hand, if we had chosen differen BCs, 
there would have been no massless zero mode and no need to single it out in perturbation. 
From Eq. (|14j) we immediately see that the first-order corrections to flat-space KK masses 
are related to coefficients of the Fourier cosine series of the KK potential. In particular, the 
correction to the nth eigenmass is related to the sum of the average of the KK potential and 
the nth coefficient of Fourier cosine series. Therefore, higher KK masses probe the metric 
at shorter distances, in accordance with usual intuition. 

One important observation following from Eq. (fT4^) is the fact that the KK masses are only 
sensitive to the even part of the KK potential with respect to reflections on the mid-point of 
the interval z —>■ L — z. Unless this Z 2 reflection is a symmetry of the extra dimension, KK 
masses alone are not sufficient to uniquely determine the KK potential. Nevertheless, such a 
geometric Z 2 reflection is none other than the KK parity in UEDs HQ. In UEDs with one 
extra dimension the SM propagate in 5D compactified on the orbifold S 1 /Z 2 . For theories 
compactified on a circle S 1 , momentum conservation in the 5th direction implies conservation 
of the KK number at each interaction vertex. When considering S l /Z 2 , however, the orbifold 
has fixed points at the boundaries which break the translational invariance, and hence 
momentum conservation, in the 5th direction. Moreover, quantum corrections in the bulk 
induces divergent terms on the two boundaries that renormalize localized 4D interactions 
there (13 . l3 | . In the end only a Z 2 subgroup of the translational invariance, that is reflections 



with respect to the mid-point z = L/2, is preserved, which is called KK parity [7]. For 
phenomenological considerations, the KK parity is defined as a flip of the line interval about 
the center z = L/2 combined with a Z 2 transformation that changes the sign of all fields 
odd under the orbifold projection, which are fields that have Dirichlet BCs. This is so that 
all the even number KK modes are invariant, while the odd number KK modes change sign, 
under the KK parity. Our finding is that for extra dimensional models that have the KK 
parity, the shape of the extra dimension is completely determined by measurements of KK 
masses. 

A new Z 2 parity for theories beyond SM, under which the SM is even and (some of) the 
new particles are odd, is in fact very well-motivated phenomenologically. Perhaps the most 
prominent feature of such a Z 2 parity is suppressions of precision electroweak contributions 
from the new particles 2| , rendering their masses light at or below 1 TeV and allowing for a 



solution to the little hierarchy problem. Another important feature is the existence a stable 
particle, that is the lightest particle charged under the parity, which is a good candidate for 
dark matter if it is electrically neutral. Examples of such a parity, other than the KK parity, 



. tne iv i\ pa 

II EE US- 



are the R parity in supersymmetry and the T parity in little Higgs models 

Without KK parity, it is natural to ask is how to determine the coefficients of the Fourier 
sine series of the KK potential from four-dimensional data. To this end we notice that the 
coefficient of the Fourier sine series 

s n = \j^dzV{z) sin (16) 
only depends on the KK odd part of V(z), and as such is a measure of the breaking of 



I am grateful to Yuri Shirman and Arvind Rajaraman for bringing this issue to my attention. 
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the KK parity. Therefore any quantity that is sensitive to violations of KK parity will be 
related to the Fourier sine coefficients. One such quantity is the absolute value of the ratio 
\ijj n (z) / i/j n (L — z)\. If KK parity is a good symmetry and the geometry is symmetric with 
respect to reflections about the mid-point of the interval, then the ratio should be unity. 
The above argument suggests the definition 



K n (z) = log 



1pn{z) 



i> n (L - z) 



(17) 



which vanishes when KK parity is conserved. Using Eqs. (|13|) and (|15p. we can derive an 
expression for K n (z) in perturbation: 



= E Tfrrr^W^Wvct) (is) 



1 - ^<W(^ rL 

m^n An ~ Am %!n \Z) 

1 - (-l) m ~ n COS ^2 r L , ////7Tf\ / / / 7T / 

I n 



ow ^ ;rOX db"T / c?t cos ( — - — ) cos ( — - — ) V(t). (19) 

t~f_ (n 2 - m 2 )(n 2 /L 2 ) cos ^f 1 L Jo \ L J \ L J K J 



In the above, because of the coefficient 1 — (— l) m_ra , the summation effectively only runs 
over those m's for which m + n is an odd integer. For this case, the cosines in the integrand 
has odd parity under z — > L — z and the integral is non-vanishing only if V(t) has a KK 
odd component. In principle, one could work out the Fourier sine series of the integrand in 
Eq. (HU) _ 

(mittX ( rmt\ 12 ^ . 2nkt 

cos {—) cos {—) = u^ ak sm ~ (20) 

from which a relation between K n (z) and the s n in Eq. (|16|) follows. However, following a 
suggestion for a similar quantity for the Dirichlet inverse problem in [9J], one can show that 
K n (0) is directly proportional to the Fourier sine coefficients s n , 



„ 1 - (-l) m " n 2 /-i , /mvrtX /nirt\ , , 
L r L , „, N . (2nnz\ 



L 

2nn Jo 
if one uses the identity 



dzV(z) sin (— —J , (22) 



L nvrz ^ 2 mvrz 1 - (-1)™-™ 

» sin T = Jj cos T(^^' °^ L - ( 23 ) 

One way to derive the above identity is to use the Green's function with Neumann BCs 

n A — An 

-d 2 2 G(z, z') - AG(z, /) = 5(2 - z'), (25) 
sin^=/W-/)si^, (26) 

JO 



and then plug into 



6 



which is just the expansion of the sine function in the complete basis {ip n (z), < z < L}. 
In terms of the original eigenfunctions in Eq. (JOJ) , 



log 



/»(0) 



fn(L) 



1 L r L /1mT7\ 

-~(A(0) - A{L)) + — ^ dz V{z) sin , n>0. (27) 



That is K n (0) measures the difference in the boundary values of the warp factor A(z), as well 
as the Fourier sine coefficients of the KK potential. Unfortunately, it appears that the ratio 
of the boundary values of the wave functions is not easily accessible from the experimental 
perspective; one needs to be able to resolve the extra dimension and make a comparison 
at two opposite points. What is worse, as mentioned earlier quantum corrections in the 
bulk will induce logarithmically divergent contributions to the gauge kinetic terms that are 
localized on the boundaries 0, w]| • Thus from the viewpoint of 4D effective field theories, 



the values of the wave functions on the orbifold fixed points may even be arbitrary and 
theoretically incalculable due to their UV sensitivity. 

On the other hand, there are certainly low-energy observables that probe the breaking of 
KK parity. Suppose we extend the U(l) gauge theory to a non-abelian theory, then there are 
three-point couplings gi mn as well as four-point couplings gumn of different KK modes, where 
the indices denote the KK numbers. If KK parity is a good quantum number, gi mn = for 
odd integral I + m + n and gumn = for odd integral k + I + m + n. A non-zero value for 
either of them would indicate breaking of KK parity and potentially probe the KK odd part 
of V(z). Nevertheless, the relations between the three/four-point couplings and the Fourier 
sine coefficients are contaminated by the warp factor itself. As an example, consider the 
three-point couplings 

gimn oc [ L ' dze A Mft(z)f m (z)f n (z) (28) 

•J 

rL dze- A ^ 2 ^{z)^ m {z)^ n {z). (29) 



o 

The product of the ^(z)'s in the integrand could be computed in perturbation using tp^°\z). 
It is also possible to express the product in the Fourier sine series, which however would 
involve an infinite number of terms. Unfortunately, the warp factor also goes into the 
integrand. Thus without knowing the warp factor a priori, it seems difficult, if not impossible, 
to actually perform the integration and extract the desired Fourier coefficients from the 
three-point couplings. It is in fact possible to eliminate the warp factor in the integrand in 
Eq. by taking advantage of the fact that the zero mode wavefunction is constant. For 
example, choosing / = we have 

gOmn OC / d,Z i> m (z)llj n (z) (30) 
JO 

which does not involve the warp factor explicitly. Nevertheless, it is simple to check in 
perturbation that the terms linear in the KK potential all cancel and only 0(V 2 ) terms 
survive. Again it is very difficult to extract the Fourier sine coefficients this way. To sum 
up, the three/four-point couplings probe the KK odd part of the warp factor as well as the 
KK potential, and in general it seems very difficult to disentangle these two effects in the 
couplings. On the other hand, if empirically it is found that all these KK odd <?z mn 's and 
gkimnS are vanishingly small, as would be preferred from precision electroweak constraints, 
then one could just use the eigenmasses to extract the Fourier cosine coefficients of the KK 
potential to reconstruct the metric. 
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IV. GENERAL BACKGROUND 



In this section we discuss the situation when the warp factor cannot be considered as per- 
turbations on flat spacetime V(z) = 0. One example is the Anti-di Sitter (AdS) background 
employed in 0, H| , for which the metric is 



/ 1 \ 2 

ds 2 = ( — ) (p^dx^dx" - dz 2 ) , (31) 
where k is the AdS curvature scale. The KK potential for the AdS background is 

W*) = J*- (32) 

The KK potential for the AdS space apparently does not respect KK parity, and therefore 
the first KK mass is generally required to be heavier than 1 TeV or higher. Moreover, it 
does not appear proper to consider the above KK potential as a perturbation on the flat 
background V = because of the singularity at z = 0; the integral of Vacls diverges in the 
interval < z < L. On the other hand, if the warp factor is exactly AdS, then the KK 
spectrum is given by roots of Bessel functions (3,^1 and should be identifiable. Therefore in 
the following we assume a KK spectrum that can be roughly, but not exactly, identified with 
that coming from a known background such as the AdS, suggesting that the real geometry 
only slightly deviates from the known background and could be considered as perturbations. 
Our construction in the following is adapted from that in which specifically considers 
Dirichlet inverse spectral problem for V(z) that is regular on the interval. 
Assuming the warp factor in the metric to be of the form 

A(z)=A (z)+A 1 (z), < z < L, (33) 

where Aq(z) is a known background and A\{z) is a small fluctuation. The KK potential is 
then 

V(z) = V (z)+V 1 (z), (34) 

Vo = \< + \{A> G f, (35) 

Vx = \{A' A 1 + A'[) + \{A' l ) 2 . (36) 

That is, we would like to consider the Neumann inverse eigenvalue problem of the following 
differential equation 

- y" + (V Q + Vi)y = Xy, 0<z<L, (37) 
when V\ can be considered as perturbations. One first considers the unperturbed equation 

-y" + V y = \y, (38) 

and constructs the eigensystem {X^\ip^} satisfying the Neumann BCs. Then as before 
the first-order perturbed eigenvalues are 



An = Af + AW 



L 



Ai 0) + / dz[V4 0) (z)]Vi(z). (39) 



o 
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Therefore, once the first N KK masses are measured, the above equation leaves N con- 
straints on the KK potential. In general, the eigenvalues X n and eigenfunctions ip n are both 
functionally dependent on the perturbation V\. One can compute S\ n /SVi by taking the 
functional derivative 8/8V\ of the equation 2 



€ + (V + W„ = X n ^ n , <(0) = = 0. 



(40) 



Interchanging differentiations with respect to z and V\, multiplying both sides by ij; n , and 
integrating we find 



dz ipJz) 



dz 2 



+ (V + V,) 



5V x {z>) 



SXnjVl. 

SVxizf) 



dz\ n i) n {z) 

ii oVAz') 



(41) 



Since the differential equation ()4U|) is self-adjoint, we arrive at 



SVi{z) 



(42) 



which is indeed satisfied by Eq. (I39j) in perturbation. This result will be useful later. 

The lesson learned from the previous section, is that the eigenmasses only give limited 
information on V±; in the flat space case only the Fourier cosine coefficients are given by 
the eigenmasses. More information can be extracted by looking at the eigenfunctions. To 
do so we need to consider solutions Y = {2/1,2/2} of Eq. (|H7|) satisfying the following initial 
conditions 



J/i(0, A; V\) = y' 2 (0, A; Vi) = 1 . 
y[(0,X;V 1 )=y 2 (0,X;V 1 ) = 



(43) 
(44) 



where we have emphasized the dependence of the solutions on A and V\. It is clear that 
every solution of Eq. (jH7|) can be written as y{z) = y(0)yi(z) + y'(0)y2(z). For example, with 
Neumann BCs we have 



yt(z, X n ; Vt) 



yi{z,X n ;Vi) 



where | 
becomes 



lyfaXnMW ^n(O)' 
means the norm of the function in the Hilbert space. In addition, Eq. 
tfA^Vi) _ [j/ifoA^Vi)] 2 



(45) 



(46) 



The fundamental solution Y also has the property that the Wronskian determinant is unity 



W(Y) = det 



2/i 2/2 



1. 



(47) 



Note that for the purpose of taking functional derivative Vq and V\ are independent variables. 
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This can be proven by showing that dW/dz = 0, which follows from the fact that Y satisfies 
Eq. (pTTJ). and using W(0) = 1. Then the solution of the inhomogeneous equation 

-y"+(V + V 1 )y = \y-f(z) (48) 

is given by 

y(z,\;V x ) = ( Z dt[y x {t)y 2 {z)- yi {z)y 2 {t)]f{t). (49) 
Jo 

Our objective is to show that the quantity 

K n (V 1 ) = -\og\y 1 (L,X n ,V 1 )\ (50) 

provides additional information on V\. In the flat space case, using Eq. (jUj) , we see that 
the above definition agrees with Eq. (JT7j) and is related to the Fourier sine coefficient of the 
KK potential. 

We need three identities to complete the proof. The first one is Eq. (142)1 . For the second 
we need to compute the functional derivative of Y — {2/1,1/2} with respect to V\. Taking 
S/SVi(z') in Eq. (|37)l and interchanging the functional derivative with d/dz, we have 



' SY{z) 



+ (V + V 1 )g^ = xg^--5(z-z')Y(z) 



SVtiz') 8V x {z 
which is of the form in Eq. ()48|1. Utilizing Eq. (|49|) we obtain 

5Y(z) 



(51) 



SVi{z>) 

where the indicator function I is such that 



dt [yi(t)y 2 (z) - yi{z)y 2 {t)] 5{z' - t)Y(t) 
[ yi {z')y 2 {z) - yi(z)y 2 (z')} Y(z') I [0 , z] (z'), 



(52) 



[0:2 



) = 1 if z' < z, 
= if z' > z. (53) 

From Eq. (|52)) we could derive a similar expression for 5Y'(z)/5Vi. The last identity is 
dY/dX. Again differentiating Eq. (|S7j) with respect to A, interchanging the derivatives, and 
making use of Eq. (|49j) , we have 

dY(z) 



OX 



dt [ yi (t)y 2 (z)- yi (z)y 2 (t)}Y(t). 



(54) 



Using Eqs.(J321 IMJ), it only takes some algebra to show that 
dKniVx) 1 ( d 5X 5 



SVi(z') 



We then have 



1 / d 
— - — y 1 (L,X;V 1 ) 
(L) V<9A 



^(2', A n ; Vi)y 2 (z', X n , V x ) - [M*')} / dt yi {t, X n , V x )y 2 {t, X n , V x ). (55) 



«n(^i)-«n(°) = Cdt—^Wx) 
Jo dt 



dt I dz 



SK n {tV x ) 



VAz) 





oVi 



(56) 
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where we have used the definition of total derivative on a functional in the Hilbert space: 



— F [q + ev] 

Now K n (V) can be computed in perturbation: 



L 5F 

dz-—v. (57) 
o dq 



«n(K)-«„(0) = ^ dzy 1 (z,X^;0)y 2 (z,X^;0)V 1 (z) 



o 



L 



-A« / dty 1 (t,\^;0)y 2 (t,X^ ] 0). (58) 

J 

For the flat space case V = 0, X n = n 2 n 2 /L 2 and 

rr / Sin 

yi(z, A; 0) = cosa/Xz, y 2 (z,A;0) = — -^=— . (59) 

Furthermore, n n (0) = and Eq. (|58|) gives the Fourier sine coefficients of Vi. 

V. OTHER TYPES OF BOUNDARY CONDITIONS 

In this section we extend the results so far to other types of BCs, the Dirichlet and mixed 
BCs, with a focus on the flat space background. These BCs might be useful for bulk scalars 
or fermions on an interval. The mixed BCs actually do not arise in orbifold compactification 
for its fields do not have a definite parity under the orbifold projection z — > —z. Nevertheless, 
if we are only concerned with a field theory on an interval, then it could be consistent. 

The identities we derived so far, Eqs. 1521 153)1 . do not depend on the BCs we choose. 
However, the eigenvalues and eigenfunctions in Eq. (|13p. as well as Eq. (146)1 . do depend on 
the Neumann BCs chosen. To generalize to other types of BCs, the important observation 
is the following: 

• If ip n (z) = yi(z,K)/\\vi(z,K)\\, 

d -toglj/i^AnjVi)! = - J J—.] g\y' 1 (L,\ n ;V 1 )\ = 



SVx{zf) ° ,a ^ ' " 71 5Vx(z' 

'M2 



yi (z', A n ; Vi)y 2 (z', \ n ; Vx) - [M*')} / dt Vl {t, \ n ; V 1 )y 2 (t, A n ; ^i). (60) 







If ip n {z) = y 2 (z,X n )/\\y 2 (z,\ n ) 



5 5 

- log \y 2 (L,\ n ; Vi)\ = - log \y' 2 (L, X n ; V x ) 



6Vi{z') ' x/l 8V x {z 

„/M2 



-y^z^K-VMz'^n-V^ + ^z')} 2 / dty 1 (t,X n ,V 1 )y 2 (t,X n ,V 1 ). (61) 



o 



These equations can be proven along the line of proving Eq. (|55j). Now we can summarize 
the results for the Dirichlet as well mixed BCs in the flat background, using the notation 
A n = n 2 n/L 2 and X n+1/2 = (n + 1/2) V/L 2 , 
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Dirichlet BCs ^(0) = ip(L) = 0: 



y 2 (z, A n ;0) 
\V2(z, X n ; 

A« = - / dzV(z) - \ \ dzV(z) cos lJ\ n z, 
L Jo L Jo v 



K n (V) = -\og\y' 2 (L,X n ;V)\ 

L rL 



log 



= K n(0) - - — / dzV(z) sin 2JX n z, 
Inn Jo v 



« n (0) = - log \y' 2 (L,X n] 0)|=0. 



Mixed BCs (I) ^(0) = ip'(L) = 0: 

l r L 



L 

1 f L 



sin J\ n+ iz 



y*(z, A n+ i;0) 

|?/2(^,A n+ l 



A « } = I / ^ ^ " Z I dz V{z) cos 2 A^' 

n n {V) log\y 2 (L,X n+h ;V) ■ log V " (I) 



Kn(0) " 



27r(n + 1/2) 



y dzV(z) sin 2y / A n+ i z, 



« n (0) = -log|y 2 (L, A n+ i;0)| = -logA n+ i. 



Mixed BCs (II) ^'(0) = ^(L) = 0: 



cos ^/X n+ iz 



yi(z, A n+ i;0) 
A n+ i;0)||' 



1 r L 



l r L 



-log / /l!7..A„._:\-) • log t » lI) 



^n(0) 

= -n(0) + 2?r(n ^ 1/2) V(z) sin 2^7*, 

/t n (0) = -log|j/i(L,A n+ i;0)| = -^logA n+ i. 



(62) 
(63) 



(64) 
(65) 



(66) 
(67) 

(68) 
(69) 



(70) 
(71) 

(72) 
(73) 



VI. DISCUSSION AND CONCLUSION 

In this paper we studied the problem of reconstructing the metric of the extra dimension 
using four-dimensional data. When the geometry can be considered as perturbations in a 
flat background, we showed that the deviation of each KK mass from the exact flat space 
limit gives the Fourier cosine coefficient of a KK potential, which is related to the warp factor 
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through a non-linear second-order differential equation. If the KK parity, reflections about 
the mid-point of the extra dimension, is a good symmetry of the theory, then the Fourier 
sine coefficient of the KK potential vanishes and the metric can be determined by measuring 
KK masses alone. On the other hand, if KK parity is not a symmetry, then the boundary 
values of each wave function are necessary to determine the Fourier sine coefficient of the 
KK potential. Such information, nonetheless, seems challenging to obtain experimentally 
for one needs to resolve the size of the extra dimension first and then make comparison 
of the wave function at two opposite ends. If there are brane localized interactions at the 
boundaries, as required by quantum corrections coming from bulk fields, then it might be 
possible to probe the values of the wave functions at the boundaries. However, because of 
the UV sensitivity of these brane localized terms, their strength is not calculable within the 
low-energy effective theory. There are averaged quantities sensitive to the breaking of KK 
parity such as the three- and four-point couplings of the non-abelian gauge fields. However 
these couplings generally involve many different Fourier sine coefficients of the KK potential. 
Moreover, they also probe the KK odd part of the warp factor and, therefore, do not provide 
direct access to Fourier coefficients of the KK potential without prior knowledge of the warp 
factor. 

A general background geometry other than the flat space is also considered in this paper. 
The possibility arises when the KK potential of the geometry has non-integrable singulari- 
ties on the interval and cannot be considered as perturbations in the flat background. One 
example is the AdS geometry whose KK potential grows like 1/z 2 as z — > 0. In this situ- 
ation three types of BCs: Neumann, Dirichlet, and the mixed, are considered. Generically 
information on the behavior of the wave function at the boundaries of the extra dimension 
provides constraints on the KK potential in addition to those coming from the KK mass. 

To implement the idea in this paper in the real world, one needs to first identify the 
background spacetime on which the geometry can be considered fluctuations. For example 
whether the KK spectrum roughly fits the flat space spectrum, which is evenly-spaced, or 
the AdS spectrum, which is the root sequence of Bessel functions. Obviously this would 
require measurements of several KK masses, even though realistically it is not clear one 
would be able to measure more than one KK level, if at all, in the near future, as the 
KK mode is generally expected to be heavier than 1 TeV from various constraints. An 
exception in this regard is the UEDs, for which the compactification scale can be as low 
as 300 GeV, raising the prospect of observing several KK levels. In UEDs this is possible 
because of the KK parity, a Z<i reflection about the mid-point of the extra dimension, which 
is strongly suggested by precision electroweak measurements. If KK parity is indeed a good 
symmetry, even for non-flat geometry, then the measurement of N KK masses could provide 
useful information on the first N Fourier cosine coefficients of the KK potential, if the KK 
spectrum fits approximately that from a flat extra dimension. However, because it is the 
deviation from n 2 n 2 /L 2 , the flat space limit, that gives the sum of the average as well as the 
nth Fourier cosine coefficient (see Eq. 1)140 ). and the size of the extra dimension L is unlikely 
to be known a priori, in reality one could probably only hope for an (N + 2)-parameter fit 
using iV measured KK masses. On the other hand, it will be important to understand the 
extent of KK parity violation through KK odd processes like the decay of the first KK 
mode into two zero modes, or inelastic scattering of two zero modes into one first KK mode 
and one zero mode. These information will be an indication on the size of the Fourier sine 
coefficients of the KK potential. 

Another approach to the inverse problem discussed in this paper is to discretize the 
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Sturm-Liouville equation and turn the problem into the matrix inverse eigenvalue problem. 
Physically speaking this amounts to using deconstruction 2(1 21 j to approximate the contin- 
uous extra dimension. However, there is some subtlety due to the mismatch of eigenmasses 
in the high energy between the deconstruction and the continuous case. Such an approach 
is currently under investigation 2^ . 
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Note Added 

After this work was completed, Ref. [23| came to my awareness, which also considered 
the problem of reconstructing the geometrical properties of a compact manifold from KK 
masses, albeit with a very different approach. I would like to thank M. Kleban for bringing 
this reference to my attention. 
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